Gauged WZW Models Via Equivariant Cohomology by Garcia-Compean, Hugo & Paniagua, Pablo
ar
X
iv
:1
00
8.
02
06
v1
  [
he
p-
th]
  1
 A
ug
 20
10
Gauged WZW Models Via Equivariant Cohomology
Hugo Garc´ıa-Compea´n1, Pablo Paniagua2
Departamento de F´ısica, Centro de Investigacio´n y de Estudios Avanzados del IPN
P.O. Box 14-740, 07000 Me´xico D.F., Me´xico
Abstract
The problem of computing systematically the gauge invariant extension of WZW term
through equivariant cohomology is addressed. The analysis done by Witten in the
two-dimensional case is extended to the four-dimensional ones. While Cartan’s model
is used to find the anomaly cancelation condition. It is shown that the Weil model
is more appropriated to find the gauge invariant extension of the WZW term. In the
process we point out that Weil’s and Cartan’s models are also useful to stress some
connections with the abelian anomaly.
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1
Wess-Zumino-Witten term ΓWZW [1, 2] contains a great deal of important infor-
mation for some models in physics. It is well known that them describes some decays,
for instance: the celebrated pi0 → 2γ and KK → 3pi, which are driven by the presence
(or absence) of chiral anomalies [3]. In this same context the WZW term was used to
study the baryons as solitons [4].
In the present paper we will be interested in the low energy effective action of a
theory at higher energy describing Yang-Mills fields coupled to Nf species of quarks
(flavors). These effective actions are precisely the gauged ΓWZW actions which are
invariant under an anomaly free subgroup H of the original theory U(Nf )L×U(Nf )R.
Recently the WZW terms have been studied in the context of the topological interac-
tions that follows a composite or little Higgs [5]. Moreover, more recently in Ref. [6] it
was found that still is possible to gauge specific non-abelian groups, as the Standard
Model group SU(2)L × U(1)Y with the condition of adding local counterterms where
some novel interactions were studied. Furthermore in Ref. [7] a topological derivation
of the WZW term for the Standard Model Higgs field is obtained through an interesting
symmetry breaking reduction.
More recently in Ref. [8] Witten realizes that in a gauged WZW model in two
dimensions, the free anomaly condition can be expressed as the condition of the exis-
tence of a closed equivariant extension of the Cartan 3-form associated to the WZW
term. Moreover he was able to find an invariant gauge version of the WZW action in
this context. Later some generalizations where implemented through the consideration
of some vanishing theorems in equivariant cohomology which ensure the absence of
obstructions to gauge the WZ term, implying some restrictions on the target space
and symmetry groups [9].
Equivariant cohomology is a mathematical structure very useful in mathematics
to understand problems in symplectic geometry, see for instance [10, 11, 12, 13]. In
particular in Ref. [12] Bott and Tu gave a more al suitable description of the equiv-
ariant cohomology in order to provide a closest relation between their geometric and
topological approaches. Precisely their view is that will be used in the present paper
to reexamine the description of the chiral anomalies and the systematic construction
of the gauge invariant extension of the WZW action. Conventions and notation are
also taken from [12]. In the present paper we find some suitable fourth-dimensional
implementation of this construction3. The procedure corresponds with finding some
five-dimensional cocycles in the equivariant cohomology of the underlying target space.
In the process we will able to find a systematic way of obtaining the gauge invariant
extension for the WZW actions. Thus we confirm explicitly Witten’s analysis (done
specifically for the two-dimensional case) now for the fourth-dimensional case. Let
start with the WZW model in four dimension given by
I =
1
4
F 2pi
∫
d4xTr
(
∂µU∂
µU−1
)
+NΓWZW + higher order terms (1)
3The construction can be also carried over in any higher even dimension, however for the sake of
simplicity we prefer to restrict ourselves to four dimensions.
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where Fpi ≈ 93MeV for QCD is the pion decay constant and
ΓWZW =
−iNc
2pi2 × 5!
∫
dΣijklm(U−1∂iU)(U
−1∂jU)(U
−1∂kU)(U
−1∂lU)(U
−1∂mU). (2)
Here dΣijklm is the volume element of a five-dimensional disc. The WZW term is of
topological nature and contributes with the appropriate phenomenological symmetries
of the theory4.
It is convenient to rewrite the WZW action (1) as
I = −
Λ2
4
∫
M
Tr
(
g∗(θ) ∧ ∗(g∗(θ))
)
− ic4
∫
D
g∗ω5, (3)
where c4 is a constant, θ := g
−1dg ∈ Ω1(G, g) is the Maurer-Cartan form, ω5 = Tr(θ
5) ∈
H5(G,Z) is the Cartan 5-form, g : M → G, with M being the spacetime manifold (of
dimension D) that we will take closed and without boundary. G is the target space
which is a compact connected Lie group of rank n ≥ 5. We consider M to be the
one-point compactification of Euclidean space such that M is the boundary of a 5-
disk D whenever pi4(G) = 0. Action (3) is invariant under the group GL × GR whose
transformation is given by: Ψ : (GL × GR) × G → G, ((a, b), g) 7→ agb
−1, where GL
and GR are two copies of G.
In general the WZW term ΓWZW does no have a gauge invariant extension under
local gauge transformations associated to GL × GR. Then one ask what conditions
must be satisfied in order a gauge invariant extension of the WZW term does exist.
Its answer is hard to respond for the general case, but it depends of the existence of
an anomaly-free subgroup H ⊂ GL ×GR whose generators should satisfy an algebraic
condition. Let {T1,L, T2,L, ..., Tdim G,L} and {T1,R, T2,R, ..., Tdim G,R} be basis sets for gL
and gR respectively. Then if we have a subgroup H of GL×GR, its Lie algebra h of H
have generators Ka which are linear combinations of Ta,L and Ta,R for some subset of
indices a and zero for the rest. In general the subgroup H is defined by the condition
of absence of anomalies.
In D = 2 dimensions, the non-abelian chiral gauge extension of the WZW term
exist if
Dab =
1
2pi
[
Tr(Ta,LTb,L)− Tr(Ta,RTb,R)
]
= 0, (4)
which is the condition for absence of anomalies and the subgroup H have generators
satisfying this condition.
Now in D = 4 dimensions, if we have a theory with local symmetry GL × GR,
then the theory is completely free of anomalies if and only if all the triangle graph
anomalies are absent. The triangle diagram of chiral fermions has an anomaly that is
proportional to
Dabc = Tr({Ta,L, Tb,L}Tc,L)− Tr({Ta,R, Tb,R}Tc,R). (5)
4 For instance, for QCD these symmetries are: P = P0(−1)
NB , where P0 is the naive parity
operation (x ↔ −x, t ↔ t, U ↔ U) and (−1)NB is the operation U ↔ U−1 that counts modulo two
the number of bosons NB.
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Then the chiral anomaly vanishes if the term Dabd is zero. Moreover for the case of
gauge symmetries this requirement this is the only way of saving renormalizability and
unitarity of the fundamental theory.
Going back to the two-dimensional case we assume thatM ≃ S2 which is boundary
of the disk D3. Thus we have a WZW term determined by the Cartan’s 3-form
ω3 =
1
12pi
Tr[g−1dg ∧ g−1dg ∧ g−1dg], (6)
where ω3 ∈ H
3(G) and G is compact connected and pi2(G) = 0.
We are interested in finding a closed equivariant extension of ω. It is easy to see
that this extension is of the form
ω˜3 = ω3 +
∑
a
φaλa, (7)
where φa’s are variables of degree 2 generating the symmetric algebra of the Weil
algebra W(g), ω˜3 ∈ Ω
3
H(G), H is a subgroup of GL × GR to be determined. The
equations to be satisfied for such a closed equivariant extension are
iXaω3 = dλa, (8)∑
a,b
φaφbiXaλb = 0. (9)
It is remarkable that, under the Chern-Weil homomorphism and the pull-back to space-
time, the lhs of eq. (9) can be identified with the abelian anomaly in four dimensions.
Recalling that the symmetry GL × GR of the theory is encoded in the nonlinear
action Ψ of the chiral group on G. On the other hand, we note that, under this action,
we have the fundamental vectors: [Xa]g = Ta,Lg − gTa,R ≡ (Ta,L, Ta,R)g.
We solve eq. (8) in the context of equivariant cohomology and we get λa =
− 1
4pi
Tr[Ta,Ldgg
−1 + Ta,Rg
−1dg]. It remains to solve equation eq. (9), whose solution is
iXaλb + iXbλa = 0 due the algebra generated by the φ’s is a symmetric algebra. Then
we finally obtain iXaλb + iXbλa =
1
2pi
Tr[Ta,LTb,L − Ta,RTb,R] = 0. Thus if we require
the existence of the closed equivariant extension of ω3, it must satisfy the condition:
Dab = 0 [8]. This is precisely the chiral anomaly cancelation condition for a gauge
theory in 2 dimensions. Moreover this condition also define the anomaly free sub-
group H ⊂ GL × GR. Summarizing we have accomplished to lift the Cartan 3-form
ω3 ∈ H
3(G) i.e. we find ω˜3 ∈ H
3
H(G).
For the theory in four dimensions the WZW term does not has a gauge invariant
extension unless we restrict ourselves to work with an anomaly-free subgroup F of
GL ×GR. Of course the WZW effective lagrangian is invariant under the usual action
of GL×GR on G. Then the condition for absence of anomalies from eq. (5) is Dabc = 0.
This statement is equivalent to the statement that the class in H5(G,Z), represented
by ω5, has an extension in H
5
F (G). To be more precise we note that an equivariant
extension is given by
ω˜5 = ω5 +
∑
a
φaβa +
∑
a,b
φaφbαab, (10)
4
where ω˜5 ∈ Ω
5
F (G) and F is the anomaly-free subgroup of GL×GR. Consequently the
equations that must fulfill ω5, βa and αab, are contained in the following expression
J =
∑
a
φa(−dβa + iXaω5) +
∑
a,b
φaφb(dαab − iXaβb) +
∑
a,b,c
φaφbφciXcαab = 0. (11)
In order to solve these equations we must take into account that the products of
variables φa are symmetric and consequently their solution is given by: βa = −5
TrTa,L(dgg
−1)3 +Ta,R(g
−1dg)3] and αab = 5 STr
[
2Ta,LTb,L dgg
−1 + 2Ta,RTb,R g
−1dg +
Ta,Rg
−1Tb,Ldg − Ta,LgTb,Rdg
−1
]
, where STr is the symmetrized trace. Details of the
computation implies that the first and the second terms of the rhs of (11) vanish.
Then it remains to find the last term and this yields
J =
∑
a,b,c
φaφbφc5Tr[{Ta,L, Tb,L}Tc,L − {Ta,R, Tb,R}Tc,R] = 0. (12)
Notice that under the Chern-Weil homomorphism and the pull-back to spacetime, the
lhs of eq. (12) is precisely the abelian anomaly in six dimensions. The last equality
can be obtained rearranging in an appropriate way the indices a, b, c and taking into
account that the products of variables φaφbφc are symmetric. Then taking the condition
that ω˜5 is a closed equivariant extension we get the anomaly cancelation condition in
a non-abelian chiral theory
Tr[{Ta,L, Tb,L}Tc,L] = Tr[{Ta,R, Tb,R}Tc,R]. (13)
This condition closed fines precisely the anomaly free subgroup F ⊂ GL×GR and give
us the existence of the equivariant extension of the Cartan’s form ω5.
Equivariant cohomology has been useful to understand the cancelation anomaly
condition through the closed equivariant extension form in the Cartan model. Now
we will show that it also describes the gauge invariant extension of the WZW term.
In particular, the Weil model will be relevant to make this procedure by using the
Chern-Weil homomorphism. Starting from ω˜5, under the Mathai-Quillen isomorphism
we get
ω˜W
5
= a+
∑
i
Θiai +
1
2
∑
i,j
ΘiΘjaij +
1
6
∑
i,j,k
ΘiΘjΘkaijk
+
1
24
∑
i,j,k,l
ΘiΘjΘkΘlaijkl +
1
120
∑
i,j,k,l,m
ΘiΘjΘkΘlΘmaijklm, (14)
where Θi are the generators of the anti-symmetric part of the Weil algebra, the coeffi-
cients are explicitly given in terms of all the non-vanishing contractions of ω5, βa y αab
with the fundamental vector fields associated to Ψ. For instance we have
ai = −iXia, aij = −iXiiXja, aijk = iXiiXj iXka,
aijkl = iXiiXj iXk iXla, aijklm = −iXiiXj iXk iXliXma, (15)
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where a = ω˜5. Thus, after a long calculation we find that in the Weil formalism the
closed equivariant extension of ω5 reads
ωW
5
= Tr(g−1dg)5 + dΞ, (16)
where
Ξ = −5 ΘiTr[Ti,L (dgg
−1)3 + Ti,R (g
−1dg)3]
+ 5 dΘi ·ΘjTr[(Ti,LTj,L + Tj,LTi,L)dgg
−1]
+ 5 dΘi ·ΘjTr[(Ti,RTj,R + Tj,RTi,R)g
−1dg]
+ 5 dΘi ·ΘjTr[Ti,LdgTj,Rg
−1 − Ti,Rdg
−1Tj,Lg]
− 5 ΘiΘjTr[Ti,Rg
−1Tj,Lg(g
−1dg)2 − Ti,LgTj,Rg
−1(dgg−1)2]
+
5
2
ΘiΘjTr[Ti,Ldgg
−1 ∧ Tj,Ldgg
−1 − Ti,Rg
−1dg ∧ Tj,Rg
−1dg]
+ 5 ΘiΘjΘkTr[Ti,LTj,LTk,Ldgg
−1 + Ti,RTj,RTk,Rg
−1dg]
+ 5 dΘi ·ΘjΘkTr[(Ti,RTj,R + Tj,RTi,R)g
−1Tk,Lg]
− 5 dΘi ·ΘjΘkTr[(Ti,LTj,L + Tj,LTi,L)gTk,Rg
−1]
+ 5 ΘiΘjΘkTr[Ti,LgTj,Rg
−1Tk,Ldgg
−1 + Ti,Rg
−1Tj,LgTk,Rg
−1dg]
+ 5 ΘiΘjΘkΘlTr[Ti,RTj,RTk,Rg
−1Tl,Lg − Ti,LTj,LTk,LgTl,Rg
−1]
+
5
2
ΘiΘjΘkΘlTr[gTi,Rg
−1Tj,LgTk,Rg
−1Tl,L]. (17)
One can take the pull-back of this expression under a local section gα ∈ Γ(Uα, “P”),
con Uα ⊂ D
5. Taking into account that g∗ωL,R = AL,R and g
∗ωL,R = FL,R. For a
local section gα we have g
∗
αω = Aα, where Aα is finally the gauge potential. The gauge
invariant extension for the WZW term reads
ΓWZW (g, AL, AR) =
∫
D
g∗ωW
5
=
∫
D
g∗ω˜5 −
∑
i
∫
D
Ai ∧ g∗(iXiω˜5)−
1
2
∑
i,j
∫
D
Ai ∧Aj ∧ g∗(iXiiXj ω˜5)
+
1
6
∑
i,j,k
∫
D
Ai∧Aj∧Ak∧g∗(iXiiXj iXk ω˜5)+
1
24
∑
i,j,k,l
∫
D
Ai∧Aj∧Ak∧Al∧g∗(iXiiXj iXk iXlω˜5).
−
1
120
∑
i,j,k,l,m
∫
D
Ai ∧Aj ∧ Ak ∧ Al ∧ Am ∧ g∗(iXiiXj iXkiXliXmω˜5). (18)
Making the contractions we finally found that the gauge invariant extension can be
5Actually “P” is not a (GL ×GR)-principal bundle since the action is not free. Thus we proceed
formally and assume the existence of the Chern-Weil homomorphismW(gL⊕ gR)→ Ω
∗(“P”) defined
by mapping ΘiTi,L into the left connection ωL, Θ
iTi,R into ωR and u
iTi,L into FL and u
iTi,R into FR.
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written as
ΓWZW (g, AL, AR) =
∫
D
g∗ω5 +
∫
M
(
− 5 Tr[AL (dgg
−1)3 + AR (g
−1dg)3]
+ 5 Tr[(dALAL + ALdAL)dgg
−1]
+ 5 Tr[(dARAR + ARdAR)g
−1dg]
+ 5 Tr[dALdgARg
−1 − dARdg
−1ALg]
− 5 Tr[ARg
−1ALg(g
−1dg)2 − ALgARg
−1(dgg−1)2]
+
5
2
Tr[ALdgg
−1 ∧ ALdgg
−1 −ARg
−1dg ∧ARg
−1dg]
+ 5 Tr[ALALALdgg
−1 + ARARARg
−1dg]
+ 5 Tr[(dARAR + ARdAR)g
−1ALg]
− 5 Tr[(dALAL + ALdAL)gARg
−1]
+ 5 Tr[ALgARg
−1ALdgg
−1 + ARg
−1ALgARg
−1dg]
+ 5 Tr[ARARARg
−1ALg − ALALALgARg
−1]
+
5
2
Tr[gARg
−1ALgARg
−1AL]
)
. (19)
This result obtained through equivariant cohomology coincides with that obtained
in Refs. [2, 14] by trial and error. More systematic constructions using geometric
approaches have been proposed in Refs. [15, 16, 17, 18, 19, 20]. Thus, in general in
any dimension (including the two-dimensional case discussed in [8]) the equivariant
cohomology provides a tool to find in a systematic way the gauge invariant extension
of the WZW term. It is remarkable that this approach using equivariant cohomology
is explicitly independent on the renormalization scheme of the regularized actions, the
representation of the symmetry groups and from the spacetime aspects.
Up to here we have found some nice features as: the anomaly cancelation condition
and the gauge invariant extension of the WZW term can be regarded as the condition
of a closed equivariant extension in the formalism of equivariant cohomology. Cartan
and Weil models contain all information on these features. We will see that in addition
it contains more relevant information of physical interest.
We assume that the anomalies are not canceled, i.e. the term Tr[{Ti,L, Tj,L}Tk,L]−
Tr[{Ti,R, Tj,R}Tk,R] 6= 0, then the equivariant extension will be not closed. In this case
we apply the Mathai-Quillen isomorphism to “ω˜5” and we find
ΦW
5
= Tr(g−1dg)5 + dΞ + 10(ξL
5
− ξR
5
), (20)
where the terms ξL,R have the same analytic form for the left and right parts and they
have the form
ξ5 = u
aubΘi Tr(TaTbTi)−
1
2
uaΘiΘjΘk Tr(TaTiTjTk)+
1
10
ΘiΘjΘkΘlΘm Tr(TiTjTkTlTm).
(21)
After some straightforward computations we find that eq. (14) reads
g∗ΦW
5
= g∗ωW
5
+ 10 (csL
5
− csR
5
), (22)
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where csL,R
5
are the left and right Chern-Simons five-form
cs5 = Tr
(
F 2A−
1
2
FA3 +
1
10
A5
)
. (23)
It is interesting to note that the form ξ5 defined over W(g) ⊗ Ω
∗(G) come from
precisely the contribution of the terms iXα, i
3
Xβ y i
5
Xω5. After applying the Chern-Weil
homomorphism and the pull-back under g it descends to the Chern-Simons five-form
cs5 in Ω
∗(B5). The Chern-Simons five-form cs5 leads to the abelian anomaly through
the descendent Stora-Zumino procedure [21] from six dimensions. The later is related to
the non-abelian anomaly of a gauge theory in four-dimensions regaining the Bardeen
result [22]. The relation is performed also through the descendent procedure. The
result is valid for a WZW theory defined by a Cartan (2n+1)-form, the generalization
is immediate and direct. Of course the anomaly cancelation condition implies that ξ5
vanishes since one can prove that the terms uaubΘi Tr(TaTbTi), u
aΘiΘjΘk Tr(TaTiTjTk)
y ΘiΘjΘkΘlΘm Tr(TiTjTkTlTm) separately are proportional to the anomaly cancelation
condition. Consequently one has a closed equivariant extension of the WZW term and
g∗Φ5W = g
∗ωW
5
, (24)
with csL
5
− csR
5
= 0. This condition of anomaly cancelation is not new and it can
be found in the literature, see for instance, Refs. [23, 18]. However we derive it
from the equivariant cohomology as a byproduct. These considerations connecting the
abelian anomaly with the form g∗Φ5W is also valid in another spacetime dimensions. For
instance in two dimensions the form of interest is the Chern-Simons 3-form emerging
from ξL,R
3
which given by
ξ3 = u
aΘiTr(TaTi)−
1
3
ΘiΘjΘkTr(TiTjTk), (25)
which it come from the terms iXiλa y iXiiXj iXkω3 in the Weil formalism. As in the
previous case if we implement the anomaly cancelation condition we get Tr(Ta,LTb,L)−
Tr(Ta,RTb,R) = 0 then the term ξ
L
3
−ξR
3
vanishes and therefore the Chern-Simons 3-form
csL − csR also vanishes.
Thus it is interesting to note that starting from the Cartan 5-form and its non-closed
extension in the Weil formalism it emerges in a natural way the Chern-Simons 5-form.
One would ask the converse starting from the Chern-Simons 5-form and looking to
recover the WZW term together with its gauge invariant extension. The answer is
affirmative and one can show that the Chern-Simons term associated to a Yang-Mills
theory in five dimensions plus the boundary terms codify all the relevant information
of the WZW term and its gauged extension in four dimensions [24, 25].
Finally we consider a WZW term with a left-free action in four dimensions. It
defines an honest G-principal bundle P with a natural left-free action of G over P .
Then we have a Cartan’s 5-form and if we are interested in its closed equivariant
extension it is given by
σ5 = ω5 +
∑
a
φaγa +
∑
a,b
φaφbηab, (26)
8
where σ5 ∈ Ω
5
H(G), H ⊂ G is the anomaly free subgroup determined by the anomaly
free condition. One can prove that such a extension of ω5 does exists and it is given by
γa = −5Tr[Ta(dgg
−1)3], (27)
ηab = 5Tr[{Ta, Tb}dgg
−1], (28)∑
a,b,c
φaφbφciXcηab = −
∑
a,b,c
φaφbφc5Tr[{Ta, Tb}Tc] = 0. (29)
Then finally the condition
∑
a,b,c φ
aφbφciXcηab = 0 turns out into the anomaly cancela-
tion condition
Tr[{Ta, Tb}Tc] = 0. (30)
This defines the anomaly free subgroup H ⊂ G, therefore we have a closed equivariant
extension of ω5 which is precisely an element of the fifth cohomology group of the coset
space G/H [26, 27].
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